It is well-known that rarefaction shocks are urtstable solutions of nonlinear hyperbolic conservation laws. Indeed, for scalar equations rarefaction shocks are unstable in the class of smooth solutions, but for systems one can only say in general that rarefaction shocks are unstable in the larger class of weak solutions. (Here unstable refers to a lack of continuous dependence upon perturbations of the initial data.) Since stability in the class of weak solutions is not well understood, ([T, TE]), "entropy" considerations have played a leading role in ruling out shocks that violate the laws of physics. However, for non-strictly hyperbolic systems the analogy with the equations of gas dynamics breaks down, and general entropy or admissibility criteria for the variety of shocks which appear, (see, e.g., [IMPT]), are not known. In this paper we address the question of when the instability of a shock can be demonstrated within the class of smooth solutions alone. We show by elementary constructions that this occurs whenever there exists an alternative solution to the Riemann problem with the same shock data which consists entirely of rarefaction waves and contact discontinuities with at least one non-zero rarefaction wave. We show that for 2 • 2 strictly hyperbolic, genuinely nonlinear systems the condition is both necessary and sufficient. We show too that for the full 3 • 3 (Euler) equations of gas dynamics with polytropic equations of state, rarefaction shocks of "moderate" strength are unstable in the class of smooth solutions if and only if the adiabatic gas constant 7 satisfies 1 < )J < ~ (see Theorem 8). More precisely, there is a constant y,, 0 < y, < 1, depending only on ~,, such that if Y, Pt <= Pr <= Pl for 1-shocks, and if y,pr <= Pl ~ Pr for 3-shocks (where pr and Pt denote the pressures on both sides of the 5 rarefaction shock), then the shock is unstable if and only if 1 < ~ < -3--Thus for such shocks, the theory of the Riemann problem for polytropic gases in the range 1 < y < ~ can be rigorously developed with a knowledge of the smooth solutions alone by using stability under smoothing as an admissibility criterion, rather than by using the classical entropy inequalities.
w 1. Introduction
It is well known (see [C, S] ), that rarefaction shocks, i.e., shocks which violate the Lax entropy condition, in strictly hyperbolic, genuinely nonlinear systems (see [S] ) are unstable solutions of nonlinear hyperbolic systems of conservation laws. In this paper we clarify the precise sense in which such solutions are unstable for systems of equations.
We say that a shock wave is unstable in the class of smooth solutions if there exists a sequence of C2-solutions, defined uniformly for x E R, 0 ~ t ~< 7 for some T> 0, that converges in every LP-class (p ~ 1) to the given discontinuous data at t = 0, but does not converge to the given shock-wave solution for any t, 0 < t =< 7. For scalar conservation laws, it is easy to show that rarefaction shocks are unstable in the class of smooth solutions. For systems of equations, the situation is more complicated, since, generally speaking, the condition that the family of smooth solutions converges to the discontinuous data at t = 0 implies that such smooth solutions cannot be constructed uniformly on R• [0, 7] for any 7> 0. In this paper we shall show by means of elementary constructions that any shock wave solution of a general system of conservation laws is unstable in the class of smooth solutions, whenever there exists another solution to the Riemann problem having the same data that consists entirely of constant states separated only by rarefaction waves and contact discontinuities, where at least one of the rarefaction waves is of non-zero strength. (By a shock wave, we mean any solution consisting of two constant states separated by a jump discontinuity that satisfies the Rankine-Hugoniot jump relation (see [S] ).) For 2 • 2 systems of strictly hyperbolic, genuinely nonlinear systems, we show that this condition is both necessary and sufficient. We also prove that for the full 3 • 3 Euler equations of gas dynamics having a polytropic equation of state, rarefaction shocks of "moderate" strength (see Theorem 8) are unstable in the class of smooth solutions if and only if the adiabatic gas constant 7 satisfies 1 < y < ~. Thus for this range of 7, the theory of the Riemann problem for Euler's equations can be rigorously developed (for moderate shocks, but we conjecture for all shocks), by using stability with respect to smoothing as a criterion for admissibility, instead of the classical entropy inequalities. We thus see that gas dynamics is special because for general systems, the instability of rarefaction shocks can only be seen within a class of solutions which is larger than the class of smooth solutions, and hence for such equations, an "entropy condition" must be provided in order to observe instability. We hope that this observation might clarify the idea of using stability as a criterion for admissibility in non-strictly hyperbolic systems where general entropy conditions are still unknown. The example of gas dynamics demonstrates that this can be done for important systems.
In the final section of this paper, we show how our study of rarefaction shocks leads to a seemingly paradoxical situation, whereby it appears that a Riemann problem admits two distinct admissible solutions. Our example demonstrates that some care must be taken when one solves Riemann problems in the (u, p)-plane, cf. [CF, S] .
Throughout this paper we assume that the reader is familiar with the standard "shock-wave" notation and terminology as discussed in [S] , for example.
w 2. The Instability Theorem
We consider n • n systems of nonlinear hyperbolic conservation laws in one space dimension
where u=(u~ ..... u,), xCR, t>0 and fEC3(D), where 12 is a domain in R ". Except where noted, we assume that the system is strictly hyperbolic and either genuinely nonlinear or linearly degenerate in each characteristic field (see [S] ). In this case, let 2~ < ... < 2, denote the eigenvalues ofdf, (the first derivative of the vector function f), with corresponding eigenvectors rx ..... r,. For UL E s let N~(uL) denote the integral curve of the i th eigenvector field through uL and let ~9~ denote the i th Hugoniot locus of uL (i.e., uR E 5P~(UL)/~ 12 corresponds to a discontinuity, say of speed s, determined by the i th characteristic field). We consider piecewise constant initial data
The first result applies to an arbitrary system of conservation laws of the form (1). Let u(x, t) denote a (weak) solution of the Riemann problem (1), (2), which is a shock of speed s, and let [uL, uR] 
for all p > O and all t > O.
Proof. Assume that [UL, UR] (X, t) is a solution of (1), (2) consisting of mwaves, each of which is either a rarefaction wave or a contact discontinuity. Then there exist states u L = u ~ u a ..... u .... u R such that uiC~i (u ~--l) 
1, x~s.
For each e > 0, define initial data by 
Therefore in t > 0, we can construct a C2-solution u~(x, t) consisting of m noninteracting simple waves by taking (of. Figure 1 ),
Note that u~ is a C2-function since f is C a.
e-+O i tends to the rarefaction wave or the contact discontinuity Furthermore, since u~ connecting u i ~ to u i and since at least one of the rarefaction waves is expansive, it follows at once that for any t > O, [JS] , which include the equations of isentropic gas dynamics, the interaction of two shocks of the same family produces a shock of that family, together with a rarefaction wave of the opposite family. This implies that for both characteristic families, the rarefaction shock curves ~i(uL), i : 1 or 2, break into the concave side of the integral curve through uL, and as was shown in [CS], they do not leave that region. Hence, if uR E ~i(uL) , then the solution of the Riemann problem (1), (2) consists of two rarefaction waves (see Figure 2 ). Thus Theorem 1 implies the following result which was first proved in [CS] . 
. Applications to Gas Dynamics
We consider in this section the full 3 • 3 gas dynamics (Euler) equations with an ideal, polytropic equation of state [S]; we shall show that Theorem 1 applies to shocks of "moderate" strength, provided that 1 < V < ~, where ~, denotes the adiabatic gas constant. The meaning of the term "moderate" will be made precise below (see Theorem 8). Our technique is to study the projections of the shock and rarefaction wave curves in the (u, p)-plane (see [CF, S] ). There we shall show 5 do the rarefaction shock curves break into the "quadthat only for l<v<~-rant" determined by the backward and forward rarefaction wave curves (see Figure 3 ). But somewhat surprisingly, these curves must eventually leave this quadrant. Thus for weak rarefaction shocks, Theorem 1 applies and shows that they are unstable in the class of smooth solutions if and only if 1 < 7 < ~-. On the other hand, we can (uniformly) estimate when these curves leave the "rarefaction wave quadrant", and this enables us to assert the same instability result for rarefaction shocks of "moderate" strength. We proceed with the details. 
PLOP,
P>Pc
Rl(uc, PL, ~L): l-rarefaction wave:
R3(uL, PL, ~c): 3-rarefaction wave:
where (u, p, 0) is connected to (UL, Pc, 0L) on the right. Here
and #z = (7 --1) (~ + 1) -1, v = 0 -1, where 0 is the density, p is the pressure, and u is the velocity. The rarefaction shock curves take the form BI: 1-rarefaction shocks: u --uc = --4L(P),
u > uL, P > PL.
In order to prove these assertions, we must first show that the curves B1 and B3 break into the R1 --R3 region. [ sufficiently small, (u,p) 
Lemma 3. For (u,p)C B~ k/ B3 and ]u --ULI + [P --PL

lies in the R~--R3 region if and only (f 1 ~ ~ < ~-. If v and (u,p) CB3, then (u,p) lies in the R~ --R3 region, while if (u,p) EB1, then (u, p) does not lie in this region.
Proof. We compute 4'2(p) = p + (2/* 2 + 1)pL
From these expressions, one easily checks that
tt! tit
Thus 4'~"(p/.) --Wz-(PL) > 0 if 1 < 7 < -}, and 4'z-(PD --W"'(PD < 0 if Now let p < PL, with p near pz-, and let (ua,p) ff BI, (ue, p) C Rl ;
so that uz<ul if 1<)'<~, and uz> ul if )'>T.
Thus the B~ curve breaks into the R1 --R3 region if 1 < )' < -~-, and breaks out of this region if 5 Similarly, we can check that if )' > ~, the B3 curve breaks out of the )'>y. R~ --R3 region, while if 1 < )' < ~-, the B2 curve breaks into this region. Moreover, a calculation gives
~o~'"(p) (p -p~:
On the other so that the B1 curve breaks out of the R~ --R3 region if )' = T. hand if (u~, p) E B3 and (u2, p) E R3, then at )' = ~, u2 --u~ = ~Pz(P) --4~2(P) < 0, so that the Ba curve breaks into the R1 --R3 region. This completes the proof. [] Remark. The apparent lack of symmetry between B1 and Ba implied by the last result is only illusory. In fact the symmetry is regained if one starts with states U,; in this context, the roles of B1 and B3 are reversed.
The next lemma shows that the rarefaction-shock curves must eventually leave the R~ --R3 region. In order to state the precise result, we consider a given state (u,, p,, ~) on the right, and denote by Ri, Si, Bi, (i = 1, or 3), the corresponding rarefaction waves, shock waves and rarefaction shocks, respectively, which can be connected to (u~, pr, Or) on the left by the given wave (cf. Figure 4) . More precisely, we have s3f..,p.,
(10) k3 (~,, p,, 0,) :
Bl(Hr, Pr, ~r):
(l 1)
Here the functions 4~r(P) and ~o,(p) are defined by (7) and (8), respectively, where we replace the subscript L by r.
The following result shows that the statement in the last lemma does not hold in the large; cf (6), (9), (10), (11). Proof. We only prove (a) since the proof of (b) is similar. For this we show thah the B1 curve, starting at (u b PL), crosses the R t curve, starting at (UL, p~;).
Thus from (6)-(9), we have
Also, for p near PL, Lemma 3 implies that (
a) The 0 3 curve (u --UL = cbL(p), u > uL, p > PL) never leaves the R1 --Ra region. (b) The l?t curve (u--u, = --$,(p), p > p,, u, > u) never leaves the RI --R3 region.
Proof. Again we shall only prove (a). In order to do this, we use the parametrization of the R3 and B3 curves given in [S, p. 354] . Thus the u-components of these curves are given by 
eX--1 Ba : ~cL (u --uL) = ~/~-~/1 + fie x ~-g(x), x >= O,
where v ----(7 --1)/27 and fl = (7 + 1)/(7 --1). Let
We shall show that f(x) > 0 for all x > 0. To do this it suffices to show:
Thus at such a point, we compute -2 t/a+fle x --1+fie x~ex-zw(l+fle0-2~(ex-1)
If we write 
The left-hand side of (20) In view of the last two lemmas, we see that for 1 < 7 < 5, the geometry in the (u, p)-plane can be depicted as in Figure 5 .
We now estimate the strength of the shocks corresponding to points on Bt (or/~a) inside the R1 --R3 (or R3 --/~1) region. Note that Lemma 4 assures us that the curve B1 (or B3) crosses R1 (or R3) in an odd number of points in the region p < pL (or p < Pr). We next show that this crossing number is always equal to 1. To this end, we again consider the parametrization of the Tt and Ba curves given in [S; p. 354] . The u-components of these curves at their points of 
--1 --e ~x, x >= O, e-:' -----}/PL.
If we set y = e -x, then we are to find all roots of the equation Now suppose that 1 < 7 <-35-; then since Q'(1)> 0 we see that qS(y) is concave and lies below the ~(y) on a small neighborhood, 1 --e < y < 1 (see Figure 6 ). It follows that @(y) cannot cross ~0(y) on the open interval (1 --e, 1).
On the other hand, since Q'(0) > 0, we see that @(y) is convex on an interval of the form 0 _< y < e. Thus, in order to show that q)(y) crosses ~v(y) exactly once in (0, 1), it suffices to show that 4, changes from being convex to being concave only once on 0 < y < 1. Showing this in turn is equivalent to showing that Q(y) has only one zero on 0 < y < 1. Now in view of (25), it suffices to show that Q'(y) is a convex function on 0 < y < 1 ; cf. Figure 7 . In order to do this we compute Assume now that ~, = T. Then as is convex, Q'(0) > 0, Q'(1) = 0, and Q"(1) > 0, it follows that Q' has exactly one root in 0 < y < 1 (see Figure 8) , so that ~">0 in 0<y< 1. But as @ is tangent to ~0 at y= 1, @mustlie above ~0 on 0 _<_ y < 1. This completes the proof in this case. [] This last lemma implies that the B1 (or /~3) and Rt (or /~a) curves meet in s Using this exactly one point in the region p < PL (or p < Pr) if 1 < ~' < -3" lemma, for 1 < ~ < -~, we define the number y, to be the unique root of (24) in 0<y< 1, i.e., 
It follows that if (u, p) E Bl(uc, PL) and p < PLY,, then the solution of the Riemann problem with data (uL, PL, OL) on the left and (u, p, 0) on the right is solvable by a 1-rarefaction wave, a contact discontinuity and a 3-shock wave; cf. Figure 9 . Hence for sufficiently strong rarefaction shocks, Theorem 1 does not apply. We shall now clarify precisely those rarefaction shocks for which Theorem 1 is valid. To this end let Uo = (Uo, Po, 90), and denote by R~(Uo) and BI(Uo) those states which can be connected to Uo on the right by a 1-rarefaction wave and a 1-rarefaction shock respectively. Similarly, let /~3(Uo), and/}3(Uo) denote the states which can be connected to Uo on the left by a 3-rarefaction wave and a 3-rarefaction shock, respectively; cf. (28) B (Uo) (p) =< ,%(Uo) (p)
We can now state the main lemma.
Lemma 7. Let 1 ~ 7 < 0 and let y. be the unique solution of (26). Suppose that U~ = (ur, Pr, 9r) can be connected to UI = (ut, Pt, 9l) Proof. There are two possibilities, depending on whether Pr < Pt or pr > Pt (cf Figure 7) . Suppose first that Pr ~ &. Then (Jr is connected to U by a 1-rarefaction shock, and (29) gives Y,Pl ~ Pr ~ Pt" It follows from (28) that the Riemann problem (Ul, (Jr) is resolved by connecting Ut to Ur by a unique 1-rarefaction wave, a contact discontinuity, and a 3-rarefaction wave. Now suppose that Pr > &; then (Jr is connected to U t by a 3-rarefaction shock. Now through U r we draw the curves B3(Ur) and Ra(Ur); then Ba(Ur) must Pr, 9r) can be connected to Ut = (ut, Pl, ~t) on the right by a rarefaction shock. Then if (29) holds, this refraction shock is unstable in the class of smooth solutions.
We shall discuss in w 6 some further implications of the above results, but first we consider a converse to Theorem 1, in the case of two equations.
w 4. A Stability Theorem for Pairs of Conservation Laws
In this section we consider systems of two strictly hyperbolic genuinely nonlinear conservation laws. We shall show that if the admissible solution of the Riemann problem for a given rarefaction shock contains a compressible shock wave, then the rarefaction shock (having the same data) is not unstable in the class of smooth solutions. More precisely, we have the following converse of Theorem 1 for pairs of conservation laws. Proof. We refer to the well-known paper of LAX [L] . Since we are considering pairs of conservation laws, we know that there exists a coordinate system z, w, consisting of Riemann invariants (see [S] ). We may suppose that z is constant on integral curves 0f0~1 and that w is constant along the N2 integral curves. We may also assume that z increases with 2z on g~2, and that w increases with 21 along N~. Lax's theorem states that a shock will form in a solution having initial data
for some Y E R, and that the time t that the shock forms is of the order
Since [uL, uR] contains an (admissible) shock wave of one family, then by definition, either are unstable relative to smoothing; this is a consequence of Theorem 8. We conjecture that the same result holds for rarefaction shocks of arbitrary strength. As we have seen, this statement does not follow from Theorem 1.
Next, we want to point out that some care must be taken in solving Riemann problems in the (u, p)-plane. Indeed, sometimes the solution does not even have the expected form. We shall illustrate this by an example. Thus, assume that U1 = (ul, Pt, 9l ) is a given state and that Ur ----(ur, pr, 9r) lies on BI(UI), the 1-rarefaction wave curve through U l. Suppose further that Pr < Y.Pt, where y, is defined by (26). This geometry is depicted in Figure 12 a. Note that the unique admissible solution of the Riemann problem with data (U1, Ur) consists of a l-rarefaction wave, a contact discontinuity and a 3-shock wave; cf the discussion preceding Figure 6 . Now let us consider U~ as a given state on the right, and consider the/~1 and/~3 curves, starting at (u~, pr), in the (u, p)-plane; cf Figure 9 b. According to Lemma 5b, the point (ul, pt) lies in the Rl (u~,pr)-Ra(u~,p~) region; i.e., it lies in the region where one "expects" to solve Riemann problems, by rarefaction waves and contact discontinuities. However, this is misleading. U any point P on R3(ur, Pr) to (ul, Pt) by an/~I(P) curve; here we are using the fact that if (u~, pr, ~r) lies on Rl (U l, Pl, ol) , then the curves Rl (ut, Pl, Ol) and Rl(u~, Pr, Qr) coincide (cf. [S, p. 363] ). Thus the geometry in Figure 12b is depicted with greater precision in Figure 13 , and the dashed/71 curve connecting (u~, Pl) is not the correct Rl(ul, Pt) curve; it lies ort a different density level. Indeed, the apparent fallacy is traceable to the fact that one loses important information upon projecting the three-dimensional shock and rarefaction wave curves onto the (u,p)-plane. Finally, we remark that in view of the recent results of Z. P. XIN [X] for two equations, any rarefaction shock is unstable in still another sense: If one considers the associated parabolic system (now modified by the addition of "viscosity" terms) and takes initial data close to the data for the Riemann problem for the rarefaction shock, then as t--> 0% the corresponding solution tends not to the rarefaction shock, but rather to the solution of the Riemann problem for the hyperbolic system consisting of two rarefaction waves.
